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Abstract A discontinuous Galerkin method for the numerical approximation for
the time-dependent Maxwell’s equations in “stable medium” with supraconductive
boundary, is introduced and analysed. its Ap-analysis is carried out and error esti-
mates that are optimal in the meshsize 4 and slightly suboptimal in the approximation
degree p are obtained.
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1 Introduction

Electromagnetism is one application of the discontinuous Galerkin method, among
many other areas. In [1], the discontinuous Galerkin method with solutions that are
exactly divergence-free inside each element, is developped for numerically solving
the Maxwell equations. In [2], M. Grote, A. Schneebeli and D. Schétzau propose and
analyse the symmetric interior penalty discontinuous Galerkin method for the spatial
discretization of Maxwell’s equations in second order form.

Here, we consider a nonsymmetric interior penalty discontinuous Galerkin method
to approximate in space an initial boundary value problem derived from Maxwell’s
equations in vacuum with perfect electric conductor boundary

0%u

W—I—CZVX(VXM):]C, V-u=0 inQxI; (1.1)
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nxu(x,t)=0 ondQxI,
(1.2)

u(x,0)=upx), %(x,O):ul(x) on 2.

Here Q is a convex polyhedron included in R3, 1 =10,7*] C R, ug and u; are
in Hy(Vx,Q2) N H(V -0,2) and f is defined on Q x [I. Physically, u is the
electric field, and f is related to a current density. Moreover pogoc> = 1 where
o X 471077 H-m~! and g9 ~ (36710°)"'F-m™! are respectively the magnetic
permeability and the electric permittivity in vacuum. If we assume that the domain 2
is “stable medium” with boundary and if « is the exact solution of (1.1) and (1.2) then
u and V x u belong to H 1 (9)3. For the notations, if 7 is an interval, X is a function
space and ¢ is a function on  x [ then ||¢|| (1, x) denotes the norm in L7 (1) of the
function t — ||¢ (-, t)||x. L?(X) is short for LP (I, X).

Let IT;, be a partition of €2 into tetrahedra and consider the same spaces and nota-
tions as in [4].

Faces We define and characterise the faces of the triangulation IT,. An interior face
of Iy is defined as the (non-empty) two-dimensional interior of d K1 N d K>, where
K1 and K> are two adjacents elements of IT;,. A boundary face of I1j, is defined as the
(non-empty) two-dimensional interior of K N 9€2, where K is a boundary element
of I1;,. We denote by F; hI the union of all interior faces of I1;, by FhD the union of
all boundary faces of I1;, and by Fj, the union of all faces of I1;. Furthermore we
identify F, hD to 02 since €2 is a polyhedron.

Traces Let H*(I1p) = {v : vix € H*(K) VK e II;} for s > % endowed with
the norm ||v||?’nh => Kell, ||v||_%, k- Then the elementwise traces of functions in
H'(I1j,) belongs to TR(Fy) = ke, L2(3K); they are double-valued on FhI and

single-valued on FhD . The space L?(F},) can be identified with the functions in
TR (F}) for which the two traces values coincide.

Traces operators Let us introduce the following traces operators for piecewise
smooth functions. First, let w € TR(Fh)3 and e C Fj,. If e is an interior face in Fh’ R
we denote by K and K the elements sharing e, by n; the normal unit vector point-
ing exterior to K; and we set w; = wjpk,, i = 1,2. We define the average, and the
tangential and normal jumps of w at x € e as

w1t w

{w} = B [wlr =n1 X w1 +n2 xwpy and [w]ly =n|- w1 +n2-ws.

Ife Cc FP ,wesetforx ce
{w}=w, [wlr=nxw and [w]y=n-o.

If we H(Vx, Q), then, for all e C FhI the jump condition [w]7 = 0 holds true in
L%(e)? and if w € H(V-, ), then, forall e C Fhl the jump condition [w]y = 0 holds
true in L2 (e).
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For e C Fj,, we denote by (-, -), the scalar product in L2(e)3 or L%(e), furthermore
if F,f) is identified to 0<2, we identify ZecF}D<', Ye to (-, ), the scalar product in

L2(3$2)3 or L2(3).

Finite element spaces In order to define the average of V x u, we set for s > %,

H*(Vx, ) :={v : vg € H'(K)? and V x (vjg) € H*(K)?, VK € I;}. Let
P = (pk)ken, be a degree vector that assigns to each element K € ITj, a polyno-
mial approximation order pg > 1. The generic hp-finite element space of piecewise
polynomials is given by

SP (M) = {u € L*(2) tujx € SPK(K), VK €Iy}

where SPX (K) is the space of real polynomials of degree at most px in K.

We also set Xj, ;= Sp(l'lh)3.

Now, fix a face e C F}, and define the local parameters i, p by h := min(hg, hg'),
p =max(pg, pg’) in the case of interior faces and h := hg, p = pk in the case of
boundary faces [3].

2 Discretization and a priori error estimate

In order to derive a weak formulation of (1.1)—(1.2), we note that formulas (1) in [4]
implies that for any u with V x u € H(Vx, Q)

AV x (Vxu),v)=c*(Vxu,V xv)+au,v)

where

a(u,v)=c*(n x (Vxu),v)—c* Y ([vlr. {V x u}),.
eCF;{

Now, we introduce the penalty term via the form

JP@,v)y="Y_ (oluly, WIn)e + Y (olulr, [vlr)e, u,v € H' (VX, ;)

ethI eCFy

where o := kp?/h is a stabilization parameter and « is a constant supposed >1. We
also define

A(u,v) = CZ(V xu,Vxv)+a(,u)—a(,v)+ J(u,v),
B(u,v) =Au,v)+ J°(u,v)

and

Jw,v)=(V-u,V-v).
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2.1 Properties of the bilinear form

Now, we introduce a norm associated with the bilinear form B and set for u €
H'(Vx,TIj)

2
lully = llul® + le(V x )| + IV -ull® + ‘

1
‘%{v Y
+ ||\/E[M]N||(2)‘F,,I +IVeludrli g,

0,Fy

We start by studying the continuity of the bilinear forms introduced above. We have:

Proposition 2.1 Yv,u € H Y(Vx,T}) there exists a constant C independent of h
and p such that

|Au, v)| = Cllullpllvlly  and  |J7 @, v)| < Cllullpllvlls.

Proof The proof is easily deduced from the definition of A, J, || - ||, and the Cauchy-
Schwarz inequality. g

In order to study the coercivity of the bilinear form B, we start by introducing the
following inequality of Poincaré-Friedrichs type valid for u € H'(IT;)>.

Lemma 2.1 Letu € H'(I1},)3. Then there exists C independent of h and p such that

el < c(nc(v xwP+ IV -ull>+ Y IVolulrlg, + ) ||ﬁ[u]N||%,e)

eCFy eC Fh[
Proof The proof follows immediately from Lemma 3.1 in [4] since xp? > 1. g
Now, the following coercivity result holds.

Proposition 2.2 There exists two constants « > 0 and C>0 independent of h and
p such that

B(v,v) > a|vl} +CJ%(v,v), Yuve Iy
Proof Let us first recall the following inverse inequality
2 Pk 2
191805 = Cim3 a1 Vg €SP (KO. @1

with a constant C;,, > 0, only depending on the shape regularity of the mesh. Now,
Let « be an arbitrary real number and choose v € ¥j,. Then

B(v,v) —allv)z =1 —a)(A(v, v) + J° (v, v)) —a/ (V xv)?/ods —a|v|>.
Fy
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Since {V x v} is the average of the flux at the face of two elements K; and K ;, the
corresponding integral can be split into two integrals with integrands (V x v); /o and
(V x v) /o, each one associated with the elements K; or K ; respectively. Therefore,
let e C Fy, and consider the integral associated with the element K. Using the inverse
inequality (2.1), we have since V x (Xp) C Xy,

Cinv P2
iny Z—Knv x vI2 2.2)

2 1 2
(Vxv)fods=—|Vxvlg, <
e o ’ o Nk

so that, selecting o to be equal to xp?/ h in (2.2), we obtain
2 Cinv 2

— [ (Vxv)/ods>———|V xv|g-
e K ’

In particular,

C.
— | AV xvPfods = ——"2 3" |V x v[§ ¢
F K ken,

C.
> —ﬂA(v,v).
K

It then follows that

Cinv

B(v,v) —al|jv|3 > <1 —a—a >A(v,v)+(1 —a)J? (v,v) —afv|?

and we can easily see there exists a positive constant C such that
lull> < C(A®, v) + J° (v, v)).
Then, we obtain

B(v,v) —(x||v||% > —aC—a—aCiy/k)AW, )+ (1 —a —aC)J? (v, v)
> (1 —a(C+ 1+ Cipp/c)AW,v) + (1 —a(l +C))J? (v, v).

. . 1 51 1+C
Thus, if « is chosen for example o = CTITCLTR and C =1 [eEs Fvomyrie 0, we

immediately obtain the coercivity result. g

Now, the following hp-approximation result to interpolate scalar function holds
(see [3]).

Proposition 2.3 Let K € I, and suppose that u € H'¥ (K), tx > 1. Then there
exists a sequence of polynomials nZ,’g (u) € SPK(K), px = 1,2, ... satisfying, YO <
q =1k

min(pk +1,tx)—q

J K
lu — 7,k @llgx <C

I lullg.x  and

Ik —q
K
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min(pg+1,tx)— 3
h K
lu—m,e Wlloox < C g lluelleg, k-
—1
Pk ’
The constant C is independent of u, hx and pg, but depends on the shape regularity
of the mesh.
In order to interpolate vector function, we define

Definition 2.1 For u = (11, uz, u3) we define
- H'(Vx, ) — %y
by
% () = (e (uy), 7y (u2), 70 (u3))

with JTZ is defined by 711’,1 )k = n,’lg (ux) where n,lﬁl’ﬁ is given by Proposition 2.3.
2.2 A priori error estimate

The interior penalty finite element approximation to « is to find U : I — X} such
that

U, ) +BWU, ) =(f,v), YWweZ,  UO) =Mhwo),  Ui(0)=TTw).
2.3)

Upon choice of a basis for ¥, and the data f, (2.3) determines U as the only solution
to an initial value problem for a linear system of ordinary differential equations. Note
that, if u is the exact solution of (1.1)—(1.2), then u satisfies the first equation in (2.3)
and thus the problem is consistent.

We now analyse the proposed procedure by the method of energy estimates. In
this section, u denotes the exact solution of (1.1)—(1.2) and U the discrete solution
of (2.3). C is generic constant independent of & and p which takes different values
at the different places and depends on «, C the coercivity constants of the form B,
t* and Q.

Let ¢ = U — u, then ¢ satisfies

(G, v) + B, v) =0, VYveX.
Decompose ¢ as i — v where u = Hg(u) —uand v = H’;,(u) — U. Thus
(v, v) + B(v,v) = (Ugr,v) + B(u,v), Yve .
Since 1, () € Xj,, we can set v = 1¢(¢), obtaining

1d

1d
> e ()17 + 5 27 BO@. (@) = (s (1), v (1)) + B(u(r), vi (1))

1 2, 1 2
SEIIMn(l)II +§||Vz(l)|| + B(u(1), vi (1)).
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So
d ,  d 2 2
EIIV:U)II +EB(V(I),V(I))SIIMn(t)II + v (O + 2B (), v (1)).

Since 1;(0) = v(0) = 0, integration over [0, ¢] C I, yields

t t
i I + BO@), v(1)) < e ll7a ) + /0 llve () 117d1 +2 fo B(u(1), v (1))dt.

The final term may be integrated by parts in time. Hence,

t 1
Zfo B(M(t),Uz(l‘))dt§2|B(M(t),V(t))|+2/0 |B (e (1), v(1))ldt.

Therefore, we can apply the coercivity and continuity of B to get

e (O + allv@)[17 4+ C I (1), v(r))

t
<Nl + /0 v 112dt + Cllv@) ln @ ln
t
+2 / |B(: (1), v(1))|dt
0
2 ! 2 2 ¢ 2
< lparlfa g2y + /0 v @1 + Cllu@)l; + S IOl
t
+€ [ (@l + i) ar
0
t*
o
<C (nunuiz@z) sup w7 + /0 ||m<r)||idr) + 2 IOl
te

t
+C [ (IO + 1) 1) .
In particular,

o 12 + @117 + T @), v(@))
t*
<C (nunniz(LZ) + sup eIl + fo IIMz(t)IIf,dt>
te
t
€ [ (I + v 1R) .
0

As this holds for all # € I, Gronwall’s Lemma implies that

e (1 + v @17 + T (), v(t)

t*
<cC (nunuiz(LZ) +sup w0} + /0 ||m<r>||%dr) :
tel
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Since . =pu—vand J° (u, ) =J°(n,v) =0

16 OI + 1L D13 + I € @), £0))
2 2 r 2 2
<€ Inulaga) + sup IR @I + /0 It O13de + e 12 g2,
te

Thus, error bounds for the finite element approximation to the true solution reduces to
the error bounds for the piecewise polynomial interpolant. Thus, we start by estimat-
ing |lu — Hﬁ(u) ||» where HZ is defined after Definition 2.1. By using Proposition 2.3
and the definition of | - ||, we obtain the following estimates

2/41( 2
lue =T @lan <C Y E—|ul} x and
Kell, PK
MK —4
lu —7pk @llg,x < CE—Null.x, YO<g<ix.
K

where ux = min(pg + 1, tx). By using the previous estimates, we can get the fol-
lowing result

Proposition 2.4 Let ux = min(pg + 1, tx) and u be the exact solution of (1.1)—
(1.2). Suppose that u|x € C*(I, H'* (K)3), VK € I, with tx > 2. Let U the discrete
solution of (2.3). Then, the error { = U — u satisfies

1O + 1O + T @€ @), ¢ (@)

Z;LK -2
<
¢ Z e |“””L2(H'1<(1<)*)
Kelly Pk

+ ”u”ioo(H’K (K)3) + ”Mt”iz(H’K (K)3) + ”"“”ioou.pK (K)3))
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